We study lower bounds for pseudo-differential operators with multiple characteristics. The principal symbol is assumed positive, vanishing exactly to the order k 2 on a smooth manifold Σ. Under an additional positivity assumption on the J th Taylor polynomial of the sub-principal symbol at Σ, 0 J k/2 − 1, using the Fefferman-Phong inequality we get a lower bound with gain of k/(k − J − 1) derivatives. 
Introduction
Let X ⊂ R n be an open subset and P = P * ∈ OP S m (X) a classical properly supported and formally self-adjoint pseudo-differential operator, with real Weyl symbol p ∼ j 0 p m−j , with p m−j homogeneous of degree m − j ; let Σ = (x, ξ ) ∈ T * X \ 0: p m (x, ξ ) = 0 be its characteristic set. We are interested in estimates of the type:
for arbitrary K X, where u 2 s = ξ 2s |û(ξ )| 2 dξ denotes the usual Sobolev norm. The case σ = 0 is trivial by the continuity properties of pseudo-differential operators on Sobolev spaces whereas, as it is well known, the positivity of the principal symbol p m is necessary and sufficient for the estimate (1) to hold with σ = 1, namely the so-called Sharp Gårding Inequality. Also, one can reach a gain of two derivatives under suitable additional hypotheses concerning the principal and subprincipal symbol of P and the geometry of Σ. More precisely, Hörmander [10] proved that, when Σ is a smooth sub-manifold of T * X \ 0 with constant symplectic rank and p m (x, ξ ) vanishes exactly to second order on Σ, inequality (1) holds with σ = 2 if and only if,
where Tr + (F x,ξ ) is the positive trace of the fundamental matrix F x,ξ associated with p m , see for example Hörmander [11] , Section 21.5, for details.
Here we present lower bounds for operators with multiple characteristics when Σ is a smooth submanifold (we do not suppose that the symplectic rank is constant on Σ) and the principal symbol vanishes exactly to even order k > 2 on Σ. We emphasize that, when k > 2, we have Tr + (F x,ξ ) ≡ 0, and therefore the second condition in (2) reduces to
Let us begin with the following result: 
It is well known that conditions (2) are necessary for estimate (1) to hold with σ > 1, so that it is clear that conditions (4) in Theorem 1 are necessary when k > 2. The fact that they are also sufficient will follow from a more general result (Theorem 2 below), where also the contribution of the higher order terms in the Taylor expansion of p m−1 at Σ is taken into account. The short proof will base on the Fefferman-Phong Inequality [5, 11, 1] .
For k = 2, our argument will give that (4) is sufficient for the maximum gain σ = 2; with respect to Hörmander's Inequality, the assumptions on Σ are weaker, but (4) is of course stronger than (2) in this case. At the end of the paper we give two examples: the first shows that our results are sharp, in particular the values of σ in Theorems 1 and 2 below cannot be improved in general; the second example outlines possible applications to the Cauchy problem.
Concerning other recent results on lower bounds we address the reader to Lerner and Nourrigat [14] , Lerner and Saint Raymond [15] , Hérau [7] [8] [9] , Colombini, Del Santo and Zuily [2] , Parenti and Parmeggiani [18] .
Statement and proof of the result
Let X ⊂ R n be an open subset. Consider P = P * ∈ OP S m (X). From now on we suppose that the characteristic set
is smooth. We suppose that the principal symbol p m vanishes to even order k 2 on Σ. Consider the vector bundle T T * X| Σ on Σ, and ρ ∈ Σ; given U ∈ T ρ T * X, we consider any vector field Ξ on T * X with Ξ(ρ) = U ; then we define the smooth maps:
These maps have an invariant meaning for 0 j k − 2, see for example [16, 17] . 
and that for every ρ ∈ Σ there exists a neighborhood
Then for every K X there exists a constant C K > 0 such that
Remark 3. For J = 0 conditions (6) and (7) reduce to (4), so that we obtain Theorem 1 as a particular case. We have 1 < σ 2 and the maximum gain of derivatives σ = 2 is obtained for J = k/2 − 1. Moreover, σ decreases and tends to 1 as k → +∞, for fixed J . Also, observe that (7) 
If the coefficients of p and q vary in a bounded subset of R but the constant c is uniform, so is C.
Proof. We have
This concludes the proof. 2
Proof of Theorem 2. Standard arguments, see the proof of Theorem 22.3.2 in [11] , show that it suffices to prove the following microlocal estimates: For every ρ ∈ T * X \ 0 there exists a conic open neighborhood Γ of ρ in T * X \ 0 such that for every compact K ⊂ X and every symbol χ ∈ S 0 (X × R n ) with supp χ ⊂ Γ we have (10) on Γ ε := {|u| < ε, |v/|v| − v ρ /|v ρ || < ε, |v| > 1}. Indeed, granted (10), we may write p =p + r wherep and r are classical symbols, respectively of order m and m − σ , with p 0. Since σ 2 an application to the operator with Weyl symbolp of the FeffermanPhong Inequality (see for example [11] , Corollary 18.6.11) gives at once (9) . By Taylor's formula we can write:
with r(u, v) vanishing on Σ to order k + 1 and |c α (u, v)| C 1 |v| m−1 in Γ ε . We observe that hypothesis (7) here reads,
since taking as Ξ in (5) the scalar productũ∂ u we get
The transversal ellipticity assumption gives,
if ε is small enough. Hence in Γ ε we have:
where we applied Lemma 4 with t = |v| −1 and s = J + 1. Since obviously
we obtain (10) and this concludes the proof. 2
Example 5. For differential operators condition (7) actually reads I j = 0 for j = 0, . . ., J . In particular, with J ∈ {0, 1, . . ., k/2 − 1}, the constant coefficient differential operator in R 2 ,
verifies the assumptions of Theorem 2. Let us check directly that there exists a constant C > 0 such that
if and only if σ k/(k − J − 1). In fact the symbol ξ
Then, for every C > 0,
This gives the conclusion. See De Donno and Oliaro [3] for results of existence and regularity when in (11) arbitrary terms of order k − 1 are present. Example 6. Consider the operator with Weyl symbol,
. . , n, with (a jk ) positive definite matrix and such that a −1 (0) is a C ∞ manifold where a vanishes exactly to order k and b(x) 2 C K a(x), x ∈ K X. Since p 1 vanishes on Σ = a −1 (0) × (R n \ 0) to order k/2, we have then from Theorem 2 a lower bound with a gain of two derivatives. By following the arguments of Hörmander [10] , this can apply to the Cauchy problem for the operator A = D 2 t − q(x, D), which is known otherwise to be well-posed in C ∞ under the preceding assumption, cf. Ivrii and Petkov [13] . We have also from Theorem 2 that if instead b(x) vanishes to order J + 1 k/2 on Σ, then (8) is valid with σ = k/(k − J − 1). Under the same hypotheses, the Cauchy problem for A = D 2 t − q(x, D) is well-posed in suitable Gevrey classes, see Ivrii [12] , Dreher and Reissing [4] . We do not give details here, but observe that seemingly our bounds may lead to precise estimates of the corresponding solutions in Sobolev and Gevrey-Sobolev norms, respectively.
